
Abstract. We have developed a newmethod for detecting
determinism in a short time series and used this method to
examine whether a stationary EEG is deterministic or
stochastic. The method is based on the observation that
the trajectory of a time series generated from a differen-
tiable dynamical system behaves smoothly in an embed-
ded phase space. The angles between two successive
directional vectors in the trajectory reconstructed from a
time series at a minimum embedding dimension were
calculated as a function of time. We measured the
irregularity of the angle variations obtained from the
time series using second-order difference plots and central
tendencymeasures, and compared these values with those
from surrogate data. The ability of the proposed method
to distinguish between chaotic and stochastic dynamics is
demonstrated through a number of simulated time series,
including data from Lorenz, Rössler, and Van der Pol
attractors, high-dimensional equations, and 1/f noise. We
then applied this method to the analysis of stationary
segments of EEG recordings consisting of 750 data points
(6-s segments) from five normal subjects. The stationary
EEG segments were not found to exhibit deterministic
components. This method can be used to analyze deter-
minism in short time series, such as those from physio-
logical recordings, that can be modeled using
differentiable dynamical processes.

1 Introduction

An important problem in the study of aperiodic and
apparently irregular time series is determining whether
the time series arises from a stochastic process or
whether it has deterministic components that are
generated from chaotic dynamics having finite degrees
of freedom. Whether a time series has deterministic
components or not in turn dictates what approaches are

appropriate for investigating the time series and its
generating system. If the time series is a stochastic signal,
then we can examine it using statistical methods, such as
estimating its mean, variance, or autocorrelation. In
contrast, if the time series has deterministic components,
we can investigate and quantify its properties using
dynamical methods and then model its generating
system using differential equations or difference maps.
Conventional spectral analysis is unable to distinguish
deterministic chaos from random processes, because
both types of time series may have continuous broad-
band power spectra.
Several methods of nonlinear dynamical analysis have

been developed previously to detect determinism in a
time series (Sugihara and May 1990; Kaplan and Glass
1992, 1993; Kennel and Isabelle 1992; Theiler et al.
1992; Tsonis and Elsner 1992; Wayland et al. 1993;
Salvino and Cawley 1994). These methods are all based
on the assumption that a trajectory in the phase space
reconstructed from a deterministic time series behaves
similarly to nearby trajectories as time evolves. In ad-
dition, each of these methods measures the predictability
or continuity of the trajectories over all regions of the
attractor, in order to provide a global measure of pre-
dictability in the system. Thus, a large number of data
points are required to have sufficient information on
nearby trajectories either to compare their future be-
haviors or to construct the entire attractor. Further-
more, if the time series under study is nonstationary, the
application of these methods can lead to spurious re-
sults. Acquiring this large number of data points from a
stationary time series is almost impossible when working
with real biological systems. Newer, more practical
methods are needed for assessing determinism in shorter
and more realistic time series.
Existing methods for assessing determinism have been

applied repeatedly, for example, to the analysis of EEG
recordings (Blinowska and Malinowski 1991; Mees
1992; Glass et al. 1993; Jeong et al. 1999), but it has
been difficult to conclude whether those recordings are
deterministic. The difficulty arises in part because it has
been difficult to obtain sufficiently long, continuous

Correspondence to: J. Jeong
(e-mail: jsjeong@complex.korea.ac.kr,
Tel.: +82-2-32904288, Fax: +82-2-32903534)

Biol. Cybern. 86, 335–342 (2002)
DOI 10.1007/s00422-001-0299-5
� Springer-Verlag 2002

Detecting determinism in short time series, with an application
to the analysis of a stationary EEG recording

Jaeseung Jeong1, John C. Gore2, Bradley S. Peterson3

1 National Creative Research Initiative, Center for Neurodynamics and Department of Physics, Korea University,
Seoul 136-701, South Korea
2 Departments of Diagnostic Radiology and Applied Physics, Yale School of Medicine, Yale University,
New Haven, CT 06520-8042, USA
3 Department of Diagnostic Radiology and the Child Study Center, Yale School of Medicine, Yale University,
New Haven, CT 06520-8042, USA

Received: 28 June 2001 /Accepted in revised form: 20 November 2001



EEG recordings. Long recordings tend to become non-
stationary – their mean, variance, and probability dis-
tributions tend to change with time. Statistical tests of
the stationarity of EEG recordings have yielded variable
estimates for the duration during which the EEG record
is stationary, ranging from several seconds to several
minutes (McEwen and Anderson 1975; Sugimoto et al.
1977; Blanco et al. 1995).
The aim of this study was to develop a method for

detecting determinism in short time series, such as
physiological recordings, and then apply it to stationary
segments of an EEG record. The method is based on the
observation that the trajectory of an attractor evolves
smoothly in phase space when the time series from which
it has been reconstructed has been generated by a dif-
ferentiable dynamical system. We therefore measure the
angles of successive directional vectors of attractor tra-
jectories in phase space and examine their variability.
We compare the irregularity of the variations in trajec-
tory of the original time series with those of its surrogate
data. This method does not require an excessively large
number of data points because it does not need to
construct the entire attractor to measure the variability
of its component trajectories. We then apply this method
to several simulated time series – including Rössler,
Lorenz, and Van der Pol data, as well as a high-di-
mensional signal and autocorrelated noise – to test its
ability to distinguish between chaotic and stochastic
behaviors. Finally, we apply the method to the analysis
of real physiological data from short, stationary seg-
ments of an EEG recording.

2 Methods

2.1 Algorithm for detecting determinism

We first transform a one-dimensional time series into a
multidimensional phase space. The reconstruction of the
attractor in the phase space is carried out through the
technique of plotting delay coordinates (Takens 1981;
Eckmann and Ruelle 1985). Let an observed time series
x(t) be the output of a differentiable dynamical system f t

on an m-dimensional manifold M. In order to unfold the
projection back onto a multivariate phase space that is a
representation of the original system, we use the delay
coordinates

XðtÞ ¼ ½xðtÞ; xðt þ T Þ; . . . ; xðt þ ðd � 1ÞT Þ� ð1Þ

from a single time series x(t) after performing an
embedding procedure. X(t) is one point of the trajectory
in the phase space at time t, x(t + iT) are the
coordinates in the phase space corresponding to the
time-delayed values of the time series, T is the time delay
between the points of the time series considered, and d is
the embedding dimension.
The choice of an appropriate time delay T and em-

bedding dimension d are important for the success of
reconstructing the attractor using a finite number of
data points. For the time delay T, we use the first local

minimum of the average mutual information between
the set of measurements x(t) and x(t + T ) (Fraser and
Swinney 1986).
We use the minimum (optimal) embedding dimension

in the reconstruction procedure. The algorithm for esti-
mating the minimum embedding dimension is based on
the idea that in the passage from dimension d to dimen-
sion d + 1, one can differentiate between points on the
orbit that are true and those that are false neighbors. A
false neighbor is a point in the data set that is a neighbor
solely because we are viewing the orbit (the attractor) in
too small an embedding space (d < dmin). When we have
achieved a large-enough embedding space (d ‡ dmin), all
neighbors of every orbit point situated within the multi-
variate phase space will be true neighbors. The detailed
algorithm is presented in Jeong et al. (1998a).
Our test for determinism in a time series is based upon

assessing the smoothness of a trajectory in phase space of
the attractor that has been reconstructed from the time
series. The trajectory of its attractor should evolve
smoothly because the differentiability of the original
system is preserved in phase space (Takens 1981). Thus,
the angles between successive directional vectors that are
tangential to the trajectory should vary smoothly,
whereas the directions of directional vectors recon-
structed from noise should be random, even if the noise is
autocorrelated. Figure 1a shows the two-dimensional
phase-space plotx(t) versusx(t + 1) for thex-component
of the Lorenz equations ½ _xx ¼ 10ðy � xÞ; _yy ¼ 28x� y � xz;
_zz ¼ � 8

3 zþ xy; x ¼ 10ðy � xÞ� with t ¼ 0.01. Figure 1b
shows the plot for a random signalwith an identical power
spectrum. The number of data points is 2000, the
embedding dimension is 7, and the time delay is 15.
Although both time series have the same autocorrelation
function, the trajectory of the Lorenz attractor is very
smooth, while that for random noise is highly irregular.
We next measure the angles between successive di-

rectional vectors iteratively along the trajectory in phase
space. We define the directional vector of a trajectory in
the phase space as follows:

YðtÞ ¼ Xðt þ 1Þ � XðtÞ ð2Þ

Then the angles between successive directional vectors
are computed by

RðtÞ ¼ Yðt þ 1Þ � YðtÞ
jYðt þ 1ÞjjYðtÞj ð3Þ

R(t) is the cosine function of the angle between
successive directional vectors. If successive directional
vectors in the trajectory are parallel, then R is 1. The
value of R decreases as the angle between successive
directional vectors increases.
Although the absolute value of the angles between

directional vectors may depend on the correlation of the
time series, the regularity of the angles reflects the de-
terminism of the time series. Figure 2 demonstrates, for
example, that the cosine function of the angles between
successive directional vectors for the Lorenz attractor
behaves more smoothly than that for random noise time
series that has an identical power spectrum.
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Next, we use a second-order difference plot (SODP)
and a central tendency measure (CTM) to quantify the
irregularity, or angle variations, of the successive direc-
tional vectors along the trajectory. The SODP is a
graphical representation of the rate of variability:
(Rn+2 ) Rn+1) versus (Rn+1 ) Rn), as proposed by
Cohen et al. (1996). Maurer et al. (1997) showed that the
SODP is efficient for quantifying the irregularity of the
time series graphically. The CTM provides a rapid
quantitative estimate for the variability in the SODP.
The CTM is computed by the average length of the
points from the origin in the SODP:

CTM ¼ 1

N � 2

XN�2

n¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRnþ2 � Rnþ1Þ2 þ ðRnþ1 � RnÞ2

q
ð4Þ

where N is the total number of points. A larger value
for the CTM of the angle variations indicates a less
smooth attractor trajectory. We define the index of
smoothness of the trajectory S as a ratio of the CTM
of the angle variations of the successive directional
vectors for the original time series to that for its
surrogate data. It is an effective measure for smooth-
ness of the trajectory and for determinism in the time
series.

We use the method of surrogate data generation to
help detect nonlinear determinism. Surrogate data are
linear stochastic time series that have the same power
spectra as the raw time series. They are randomized to
ensure the absence of any deterministic nonlinear
structure. We use ‘‘iteratively refined surrogate data,’’
which have the same autocorrelation function, Fourier
power spectrum, and probability distribution as the
original time series x(t) (Theiler et al. 1992; Schreiber
and Schmitz 2000). We use the end-point mismatch
measure djump and the mismatch in the first derivative, as
proposed by Schreiber and Schmitz (2000), to minimize
the periodicity artifacts (Ehlers et al. 1998) by selecting a
subinterval of the time series such that the end points
match as closely as possible.
Figure 3 presents the SODPs of the angles between

successive directional vectors for the Lorenz attractor
and its surrogate data. The SODP for the Lorenz at-
tractor with low variability had points clustered around
the origin, whereas the SODP for its surrogate data had a
much wider distribution of points, indicating high vari-
ability of successive directional vectors. The CTM values
for the Lorenz attractor and its surrogate data were 0.002
and 0.035, respectively. We generated 19 surrogate data
of the Lorenz attractor to test the stability of the CTM
values of the surrogate data. The average CTM value and
standard deviation of 19 surrogate data sets from the
Lorenz attractor was 0.034 ± 0.003, indicating that the

Fig. 1a,b. Two-dimensional phase portraits for the x-component of
Lorenz equations (a) and for a Gaussian random noise having an
identical power spectrum (b). The number of data points is 2000 and
the time delay T is 15

Fig. 2a,b. The angle series of the successive directional vectors of the
trajectory in the phase space reconstructed from the Lorenz data
(2000 data points) (a) and those from its surrogate data (b) as
functions of time with embedding dimension of 7 and time delay of 15
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CTM is nearly constant for all of the surrogate data sets.
Student’s t-tests showed that the CTM value for the
Lorenz attractor was significantly different from those
for its surrogate data sets (P < 0.0001). The smoothness
of the trajectory S for the Lorenz attractor (i.e., the ratio
of the CTM for the original Lorenz attractor to that for
its surrogate data) is 0.057, indicating that the Lorenz
attractor is very smooth. We also applied this method to
the Rössler data, Van der Pol data, the high-dimensional
coupled equations, and autocorrelated noise (Table 1).
To examine the applicability of this method to high-

dimensional systems, we estimated the smoothness of

the high-dimensional time series. The data were gener-
ated from nonlinear coupled equations ½ _xx1 ¼ _xx2,
_xx2 ¼ ðx5�25Þ

3 sin 30t þ 3x7 sin 65t þ x11 sin 80t � 3jx6jx2�
x9x1� of 12 variables including the Lorenz equation ½ _xx3 ¼
10ðx4 � x3Þ; _xx4 ¼ �x3x5 þ 28x3 � x4; _xx5 ¼ x3x4 � 8

3 x�, the
Ueda equation ½ _xx6 ¼ x7; _xx7 ¼ �0:1x7 � x36 þ 12 cos t�, the
two-well potential Duffing–Homes equation
½ _xx8 ¼ x9; _xx9 ¼ 0:15x9 þ 0:5x8ð1� x28Þ þ 0:15 cos 0:8t�, and
the Rössler equation ½ _xx10 ¼ �ðx11 þ x12Þ; _xx11 ¼ x10þ
0:15x11; _xx12 ¼ 0:15þ x12ðx10 � 10Þ�. The high-dimension-
al signal was found to have smoother trajectories than
its surrogate data (Table 1), demonstrating the relevance
of this method for the assessment of determinism in
high-dimensional dynamical systems.
We also tested the ability of the method to avoid the

false-positive designation of determinism for autocor-
related noise. We used a sequence of numbers that was
generated by tossing imaginary dice successively and
that produces 1/f noise, as shown by Gardner (1992). We
used 40 dice, each with 12 sides. We first threw all 40
dice and calculated their sum. Next, we randomly se-
lected and threw again only 15 of the dice but recalcu-
lated the sum of all 40 dice. The resulting sequence of
sums is autocorrelated, with a power spectrum having a
1/f distribution in the range of about 10–30 Hz. The
detailed algorithm is presented in Jeong et al. (1998c).
The SODP and CTM for 2000 data points in this
autocorrelated noise time series and for its surrogate
data were estimated using an embedding dimension of 7
and a time delay of 15. Both the original and surrogate
time series exhibit a large variability in their SODPs. The
surrogate data had a somewhat higher SODP variabili-
ty, but the CTMs for the 1/f noise and its surrogate data
did not differ significantly (Table 1).
From these considerations, we propose an empirical

criterion for establishing determinism in practical ap-
plications: if S of a time series is near 0 or smaller than
0.3, then the time series is deterministic; whereas if S is
close to 1 or larger than 0.5, then we conclude that the
time series is stochastic. The intermediate case, with
0.3 < S < 0.5, is known to sometimes arise from de-
terministic time series. Since S is, however, an informal
measure, we suggest that in this case a statistical analysis
should compare the CTM of the original time series with
those of its surrogate data. In a later practical example,
for instance, we used a t-test to compare the CTM of an
EEG record with the CTMs of 19 surrogate data sets.
The values of R and CTM are closely related to the

autocorrelation function evaluated at a lag of 1, indi-
cating that CTM may not be optimally powerful for a
test of nonlinearity. Thus, entropy can also be used as an
alternative nonlinear measure of the irregularity of the

Table 1. The central tendency
measures of the original time
series (CTMsig) and their sur-
rogate data (CTMsur) from
different dynamical systems
(NS, not significant)

Data CTMsig CTMsur S P

Lorenz data 0.002 0.034 ± 0.003 0.057 <0.0001
Rössler data 0.001 0.35 ± 0.09 0.030 <0.0001
Van der Pol data 0.0002 0.68 ± 0.08 0.0003 <0.0001
High-dimensional signal 0.0088 0.54 ± 0.11 0.016 <0.0001
Autocorrelated noise 0.119 0.133 ± 0.068 0.895 NS

Fig. 3a,b. Second-order difference plots of the angle series of the
successive directional vectors of the trajectory reconstructed from the
Lorenz data (a) and its surrogate data (b)
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angle variations of successive directional vectors of the
attractor reconstructed from a time series (Eckmann and
Ruelle 1985). To estimate the entropy of the angle
variations, the angle variations are first converted to
probability values by defining pðnÞ ¼ P ðnÞ=

P
PðnÞ. An

entropy function (in bits) can then be estimated as
S ¼ �

P
n pðnÞ log2½ pðnÞ�.

2.2 Subjects and EEG data acquisition

Scalp EEGs were recorded in a conventional fashion
from five normal subjects (three males and two females
having a mean (± SD) age of 28.3 ± 3.8 years. A 12-bit
analog-to-digital converter digitized the signals from 20
monopolar electrodes that employed the international
10–20 EEG reference system with a bimastoidean
reference point. With the subjects in a relaxed state with
eyes closed, 30 s of data (3750 data points) were
recorded at a sampling frequency of 125 Hz. The data
were high-pass filtered at 0.5 Hz and then low-pass
filtered at 35 Hz. Recordings were made under an eyes-
closed condition in order to obtain as many stationary
epochs of EEG recording as possible. Potentials from 16
channels (F7, T3, Fp1, F3, C3, P3, O1, F8, T4, T5, T6,
Fp2, F4, C4, P4, and O2) referenced against ‘‘linked
earlobes’’ were amplified on a Nihon Kohden EEG-
4421K recording unit using a time constant of 0.1 s.
Each EEG record was judged by inspection to be free
from electrooculographic and movement artifacts, and
containing minimal electromyographic activity.

2.3 Assessment of stationarity

In order to assess the presence of determinism in the
EEG, we first had to select stationary segments of the
EEG record for analysis. If the probability distribution
f(x) of a time series is normal or Gaussian, it can be
completely characterized by its mean and variance.
Thus, if we have a normal distribution, the existence of
a fixed mean and variance should be enough to ensure
the stationarity of a Gaussian process. A less restrictive
requirement, called weak stationarity of order n, is that
the moments up to order n depend only on time
differences (Jenkins and Watts 1968). In this study, we
used second-order stationarity (n ¼ 2) and a demon-
stration of normality to ensure stationarity. We used
the following procedure, following Blanco et al. (1995),
to ensure stationarity of the particular EEG epochs
that would be used to assess determinism in the EEG
record.
We assessed the stationarity of time bins consisting of

250 data points (a total duration of 2 s). First, we cal-
culated the mean and variance for each bin and looked
for zones where these values did not change significantly
for at least two consecutive bins. Then we constructed
the corresponding histogram for this EEG segment, and
used the Kolmogorov–Smirnov test to verify that the
data were normally distributed. We then compared the
statistical parameters of the total time series with those

of the previously selected segment. If the differences
between these statistical parameters were significant at a
probability value of less than 0.05, then we discarded the
corresponding segment. This procedure was followed
to ensure that the selected segment represented the
dynamics of the entire time series.

3 Results

In Fig. 4 we show the mean and variance for each bin of
the EEG data from a single subject at F3. The mean and
standard deviation of the EEG potential for the entire
EEG record was 127.39 ± 2.63. The means and vari-
ances were stable from bin 7 to bin 9, satisfying the weak
stationarity criteria. The histograms for the EEG
potentials were normally distributed (Kolmogorov–
Smirnov P < 0.05), as shown in Fig. 5.
We reconstructed the attractor for the stationary

EEG segments using the embedding procedure. The time
delays were chosen to be 12–18 lags from the first local
minimum of the average mutual information between
the set of the EEG x(t) and x(t + T). The minimum
embedding dimensions were therefore selected as 14–17
for the stationary EEG segments.
Figure 6 shows the angle variations of the successive

directional vectors of the trajectory reconstructed from a

Fig. 4a,b. Stationarity of the EEG: amean values for bins of 125 data
points for an EEG time series at F3 from a single subject; b variance
for bins of 125 data points for an EEG time series from the same
subject
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stationary EEG at F3 from a single subject and those
reconstructed from its surrogate data. The angle vari-
ations for the stationary EEG were as irregular as those
for the surrogate data. Figure 7 shows the SODPs of the
angle variations for the stationary EEG and its surro-
gate data. Both SODPs exhibited large variability and
were similarly distributed. The mean values of the CTMs
for the stationary EEG (0.52 ± 0.14) and its surrogate
data (0.58 ± 0.16) for five subjects were not signifi-
cantly different (P ¼ 0.102). The mean S of the

stationary EEGs was found to be 0.89 ± 0.11, indicat-
ing that the trajectories of the EEGs in phase space were
not as smooth as those for stochastic time series having
identical power spectra. Additionally, the entropy of the
angle variations for the stationary EEG (5.43 ± 2.35
bits/s) and its surrogate data (5.83 ± 2.65 bits/s) were
not significantly different.
It is possible that our inability to detect determinism

in the EEG record was due to the presence of noise in
the recording of a high-dimensional dynamical system.
To assess whether noise produces false negatives using
analyses of smoothness, we applied the method to the
assessment of a high-dimensional deterministic signal
containing uniformly distributed noise. The signal
contained 50% white noise and nevertheless had a
CTM of 0.098, significantly smaller than the CTMs of
its surrogate data (0.139 ± 0.038; P < 0.01). However,
statistically significant differences were not found
between the CTM of the signal containing 100% noise
(0.196) and the CTMs of its surrogate data
(0.213 ± 0.096), indicating that very large amounts of
noise can lead to spurious false-negative results. Al-
though we did not detect any determinism in the sta-
tionary EEG using our method, we cannot exclude the
possibility that large amounts of noise – either from
measurement artifact or intrinsic noise sources with the
brain – may have interfered with our ability to detect
determinism in the EEG.

Fig. 5. Histogram for the time series from selected EEG epochs

Fig. 6a,b. The angle series of the successive state vectors of the
trajectory in the phase space reconstructed from the stationary EEG
data (a) and its surrogate data (b), as functions of time with
embedding dimension of 14 and time delay of 12

Fig. 7a,b. Second-order difference plots of the angle series from the
stationary EEG data (a) and its surrogate data (b)
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4 Discussion

We have developed a method for identifying whether
short segments of a time series are deterministic. We
have verified that the method properly identifies the
nature of several well-characterized dynamical systems
and stochastic processes. When applied to a short
sample of a stationary EEG waveform, our results
indicate that the stationary EEG record has minimal
smoothness. These results suggest that the EEG record is
not deterministic.
Our EEG findings are in agreement with several

previous studies (Blinowska and Malinowski 1991;
Glass et al. 1993; Jeong et al. 1999). Blinowska and
Malinowski (1991) applied the Sugihara–May method to
EEG recordings and reported that predictions using this
method were similar to those using a linear autoregres-
sive method. Glass et al. (1993) employed the Kaplan–
Glass method for deterministic dynamics for both a real
EEG and a simulated EEG generated by a neural net-
work model. They found similar orientations of tangents
to the trajectory in a given small region of phase space
from simulated EEGs, but not from real EEGs. Thus
they concluded that real EEG record was not deter-
ministic. A more recent study performed by Jeong et al.
(1999) examined determinism in the EEG by detecting
the smoothness of trajectories in phase space recon-
structed from the noise-reduced EEG using a nonlinear
noise-reduction method. Compared with trajectories for
its surrogate data, those for noise-reduced EEG data did
not yield evidence for low-dimensional determinism.
Cerf et al. (1997, 1999) found the presence of low-

dimensional neuronal dynamics in short episodes of
EEG a-waves with a duration of 6 s using correlation
integrals, whereas no low-dimensional dynamics was
found in EEG a-waves with durations of 10 s or more.
The duration of 6 s is the upper duration for which
deterministic dynamics has been found in the form of
low-dimensional a-episodes (Cerf et al. 1997, 1999). We
also used stationary EEG recordings with a duration of
6 s satisfying the weak stationarity criteria. However, we
could not detect any deterministic structure in the sta-
tionary EEG data. One of the possible reasons why we
did not detect any deterministic structure in the short
EEG epochs is that the a-episodes in the EEG record-
ings analyzed were rather scarce. The probability of
a-episodes is usually very low.
Despite the absence of compelling evidence for de-

terminism in the EEG, nonlinear dynamical analyses of
the EEG in which its correlation dimension and first
positive Lyapunov exponent are estimated have proven
to be useful in differentiating normal and pathological
brain states (Babloyantz et al. 1985; Babloyantz and
Destexhe 1986; Frank et al. 1990; Jeong et al. 1998b;
Lehnertz and Elger 1998). However, caution should be
used in interpreting these particular nonlinear dynamical
measures, which are most appropriately regarded as
operationally defined measures of complexity. They may
not be appropriate measures for differentiating between
periodic, chaotic, or stochastic dynamics in the formal
sense.

We have proposed a new method for the assessment
of determinism that is based on the smoothness of the
trajectory in phase space of a short time series. The
validity of the assumption that is central to our ap-
proach – that the first differentiability of the attractor’s
trajectory is useful in the detection of determinism – was
mathematically proved by Ortega and Louis (1998) us-
ing a measure-based approach. They showed that sta-
tistical differentiability of the natural invariant measure
along the reconstructed trajectory implies smoothness or
determinism in a time series.
Because this method measures the smoothness of an

attractor’s trajectory, it is not applicable to map-type
data such as interspike intervals of neuronal signals,
R-R intervals of electrocardiograms, or other extreme-
lylow-sampled data. One of the problems with most
methods for detecting determinism is the inefficiency of
the methods in the presence of noise. The Sugihara–May
method cannot distinguish correlated noise from a
chaotic time series (Cazellus and Ferrare 1992; Ensm-
inger and Vinson 1994). These authors also showed that
such techniques are vulnerable to producing false-neg-
ative conclusions in the presence of noise. The smooth-
ness of an attractor’s trajectory in phase space may also
be corrupted by the presence of noise. Thus, the appli-
cation of nonlinear noise-reduction methods prior to
assessing smoothness may be useful in obtaining the
most reliable results. However, if an algorithm to reduce
noise in a time series operates by smoothing the trajec-
tory in phase space, e.g., as Sauer’s method does (Sauer
1992), then it may also affect the conclusions regarding
determinism in the time series.
That the proposed method can be applied to short

time series supports its usefulness for the analysis of
physiological and other experimental time series. It is
therefore applicable to the analysis of time series such as
the EEG, in which maintaining stationarity for a long
duration proves difficult.
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